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This project is about dynamical systems with symmetries. A dynamical system defines a vector
field on its phase space, so we start with an introduction to vector fields. We start by a discussion of
the commutator, also called the Lie bracket, after the Norwegian mathematician Sophus Lie (1842–
99), who published his ideas in “The Theory of Transformation Groups (1880)” and “On Differential
Invariants (1884)”. Lie developed his ideas in the context of differential equations and showed, for
instance, that all the standard solvable first order differential equations (which you met in the
first year) have special symmetry properties which imply the corresponding solution technique. His
ideas were made more abstract by later mathematicians and the modern theory of “Lie groups and
algebras” rarely mentions differential equations. In this project we return to the original emphasis,
working with a blend of the old and modern ideas.

In order to gain a deeper understanding of dynamical systems with symmetries we need the
abstract theory of Lie groups and algebras, which we introduce in the context of continuous ma-

trix groups and their infinitesimal generators. We must consider some basic representation theory,
concentrating on linear and projective representations. Geometrically, these are considered as the
action of the group over some linear or projective space. When these actions are differentiable, we
may consider the infinitesimal actions, which correspond to vector fields. We may recover the group
action through exponentiation. We also briefly discuss the geometric theory of Lie groups and the
notion of homogeneous spaces.

This subject is close in spirit to that of “integrable systems” (see MATH4481 Soliton Theory)
and serves as a useful supplement to that subject. For initial background reading, I have prepared
some notes, but there are also a number of useful books, such as [3, 4, 2, 1]
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