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SUMMARY

We investigate a Bayesian method for the segmentation of muscle fibre images. The images are

reasonably well approximated by a Dirichlet tessellation,and so we use a deformable template

model based on Voronoi polygons to represent the segmented image. We consider various prior

distributions for the parameters and suggest an appropriate likelihood. Following the Bayesian

paradigm the mathematical form for the posterior distribution is obtained (up to an integrating

constant). We introduce a Metropolis-Hastings algorithm and a reversible jump Markov chain

Monte Carlo algorithm (RJMCMC) for simulation from the posterior when the number of poly-

gons is fixed or unknown. The particular moves in the RJMCMC algorithm are birth, death

and position/colour changes of the point process which determines the location of the polygons.

Segmentation of the true image was carried out using the estimated posterior mode and pos-

terior mean. A simulation study is presented which is helpful for tuning the hyperparameters

and to assess the accuracy. The algorithms work well on a realimage of a muscle fibre cross-

section image, and an additional parameter, which models the boundaries of the muscle fibres,

is included in the final model.



KEYWORDS: Coloured Tessellation, Markov chain Monte Carlo, Point pattern, Regularity, Re-

versible Jump, Strauss process.

1 Introduction

Analysis of thin cross-sections of biopsied human muscle isimportant in the diagnosis of neuro-

muscular diseases. Figure 1 shows an image from a normal muscle in which the fibres resemble

a tessellation of the plane by Voronoi polygons. Fibres are either type I or type II depending on

whether they are slow-twitch or fast-twitch: for more details see Lexellet al. (1983). An impor-

tant model which is used by many investigators in the field of human muscle cell morphology

was formulated by Johnsonet al. (1973). The model includes the assumption that in a healthy

muscle the fibre colours are independent.

We wish to segment the image automatically into two or three classes: type I fibre, type II

fibre and (optionally) fibre boundaries. Subsequent analysis of the fibre configurations using

size, shape and colour arrangements can then be carried out to help with muscle disease diag-

nosis. In earlier work (Dryden et al., 1997; Faghihi et al., 1999) we considered methods for

the analysis of fibre configurations where the fibre centres were located by hand. In this paper

we shall concentrate solely on the segmentation stage, which is a very useful addition to the

practical toolkit.

Segmentation of the muscle fibre images into distinct fibres is not straightforward. For ex-

ample, simple thresholding or morphology techniques have great difficulty in separating neigh-

bouring fibres of the same type. We shall use a Bayesian methodfor the segmentation of muscle

fibre images using Voronoi polygons. The method is also more generally appropriate for other

types of images. The parameters of the model are the coordinates of the set of points which gen-

erate the Voronoi polygons, together with their associatedcolours. The region of interest can

be tessellated into coloured Voronoi polygons (e.g. by using theTILE algorithm of Green and

Sibson(1978)), and from the tessellation we derive a segmented image of either two colours
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(without fibre boundaries) or three colours (with fibre boundaries). This image can be compared

with the observed image, using a measure of goodness-of-fit or likelihood. Prior information

can also be used, and the calculation of the posterior mode and mean of the parameters are car-

ried out by Markov chain Monte Carlo (MCMC) simulation. Implementation and convergence

properties are also discussed.

The use of Voronoi polygon templates for image segmentationwas introduced by Green

(1995). Supplementing this basic idea we also incorporate prior spatial modelling in our ap-

plications, building on the initial ideas of Farnoosh (2000). Similar work has been carried out

independently by Møller and Skare (2001) who consider 2D image segmentation and also fur-

ther extensions to 3D reservoir modelling. Other related work includes Blackwell and Møller

(2003) who consider modelling images and animal territories using Voronoi polygon edges.

The paper is organized as follows. In Section 2, we introducethe parameters of the model

and describe the derived image of a tessellation of the unit square formed from a set of points and

colours. TheTILE routine is adapted to tessellate to the boundaries of the region. A noise model

for an observed image is introduced and, following the Bayesian approach, the mathematical

form for the posterior distribution is given (up to a constant). In Section 3 a Metropolis-Hastings

algorithm is presented for simulating from the posterior distribution and estimating the poste-

rior mode when the number of parameters is fixed. We also describe a reversible jump Markov

chain Monte Carlo algorithm for simulating from the posterior distribution when the number of

parameters is variable. A simulation study is briefly described in Section 4 and we compare the

algorithms in terms of minimizing the total error and maximizing the posterior. The method-

ology is applied to a muscle fibre image in Section 5. Conclusions and discussion about the

methodology are given in Section 6.
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2 A Bayesian model

2.1 The parameters and derived image

Consider the muscle fibre image in Figure 1. The fibres resemble Voronoi polygons which have

been coloured white or dark grey, with dark grey fibre borders. Our template for the segmented

image consists ofn points which generate the Voronoi polygons, and each polygon has an

associated colour. The thickness of the fibre boundariesφ ≥ 0 is treated as a fixed parameter.

Let the (non-fixed) parameters of the model beΘ = {(ui, vi, ci), i = 1, 2, ..., n} where

θi = (ui, vi, ci) contains the Cartesian co-ordinates(ui, vi) and colourci ∈ {η−1, η1} of the ith

point. When necessary for notational convenience, we will useΘp = {(ui, vi), i = 1, 2, ..., n}

andΘc = {ci, i = 1, 2, ..., n} to denote the set of point locations and point colours, respectively.

The number of pointsn may be unknown. A template is formed from the Dirichlet tessellation

of the points and the Voronoi polygons are then coloured withcolour ci . To form thederived

image from the template, we can assign the colour for each pixel located at(xj , yk), 1 ≤ j, k ≤

N, xj = (j − 0.5)/N, yk = (k − 0.5)/N by determining in which polygon each pixel lies. The

derived imageµ is anN × N image with pixelµjk taking the value ofci if the pixel location

is contained in theith Voronoi polygon, and value of the fibre boundary colourη0 if the pixel

lies within φ/2 of the boundary of a Voronoi polygon.

In practice the colour allocation is carried out by first covering each polygon in turn with a

rectangle. Then, by considering the angles formed between apixel co-ordinate and the (possibly

re-ordered) vertices, a pixel in the rectangle is allocatedcolour ci if the sum of the angles was

equal to360o (indicating that it was interior to theith polygon), and colourη0 if within distance

φ/2 of the boundary.

In order to tessellate the unit square from a two-dimensional pattern we use Green &

Sibson’s (1978)TILE subroutine. Since the polygons generated with this algorithm may not

cover the whole square, we use a boundary correction due to Okabeat al. (1992), who sug-
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gested adding three points to the initial pattern:p1 = (0.5, 3
√

2/2 + 0.5), p2 = (−3
√

6/4 +

0.5,−3
√

2/4 + 0.5) andp3 = (3
√

6/4 + 0.5,−3
√

2/4 + 0.5) which are chosen to form a suf-

ficiently large triangle which contains the unit square. No boundary of the tessellation formed

by these extra points passes through the interior of the square unless the set of original points is

empty.

2.2 The Prior model

We now define a prior distribution for the3n parametersΘ. We first suppose thatn is fixed. We

assume throughout that(ui, vi) andci are independent in the prior distribution. If the locations

(ui, vi), i = 1, 2..., n of the generating points are assumed to be independently anduniformly

distributed over the unit square representing the field of the view; the coloursci ∈ {η−1, η1}

are modelled as independent Bernoulli (pc ) random variables; and the number of polygons is

constant, then the prior distribution is

Π(Θ) =
n

∏

i=1

U(0, 1)2 × pI(ci=η1)
c (1 − pc)

I(ci=η−1) (1)

whereU(0, 1) is the uniform density andI() is the indicator function,i.e. I(ci = η1) = 1

if ci = η1 and zero otherwise. Ifpc = 1/2, then the prior distribution does not depend on

ci, i = 1, . . . , n.

However, in our application we wish to have some interactionbetween the generating points.

Processes which involve interaction include, for example,Gaussian perturbed points (Drydenet

al., 1997), the nearest Neighbour Markov process (Baddeley andMøller, 1989) and the Strauss

process (Ripley, 1981). In this paper the Strauss process isused as an alternative choice of prior

to the uniform distribution. The density of the Strauss model for the point locations given byΘp

conditional onn has the formΠ(θ) = fn(Θp) = c(b)−1 exp {−btr(Θ
p)} whereb ≥ 0 is the

interaction parameter of the model. Here,c is a normalizing constant andtr(Θp) is the number
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of interpoint distances inΘ that are less thanr , which can be defined by

tr(Θ
p) =

n−1
∑

i=1

n
∑

j=i+1

I[0,r](||(ui, vi) − (uj, vj)||)

whereI[0,r](s) is 1 for 0 ≤ s ≤ r , and zero otherwise. Note that, ifb = 0, then the Strauss

model reduces to the Uniform model.

Let us now consider the case with variablen. We then specify the the density as the uncon-

ditional Strauss process with density, with respect to the unit rate Poisson process as

Π(θ, n) = fu(Θ
p) = c(b, λ)−1λn exp {−btr(Θ

p)}

whereλ is the rate of the underlying process. Note that the normalizing constantc(b, λ) need

not be known for MCMC based inference to be carried out; see Geyer & Møller (1994).

2.3 Likelihood

For ease of explanation we shall describe in detail the case where the fibre boundaries are not

considered (φ = 0). In our applications we consider binary images or grey-level images which

we want to segment to just two fibre classes, but the methods ofthis paper easily extend to more

than two colours. Without loss of generality we can divideΘp into two setsΘp = {Θ−1, Θ1}

in which Θ−1 is the set of points with colourη−1 andΘ1 is the set of points with colourη1 .

Given an observed imagez = {zjk, j, k = 1, 2, ...N} with pixel centres at(xj , yk) we

consider two models:

M1: zjk = µjk(Θ)ǫjk ǫjk ∼ Bernoulli(p) on {η−1, η1} (2)

M2: zjk = µjk(Θ) + ǫjk ǫjk ∼ N(0, σ2) (3)

where the errorsǫjk are independent, and the true imageµjk is given asµjk(Θ) = ηl if the

nearest neighbour ofΘp to (xj , tk) belongs toΘl, l = −1, 1.

In the multiplicative model M1, theǫjk are independent Bernoulli variables determining the

probability of changing colour,i.e. P (zjk = µjk(Θ) | Θ) = 1 − p andP (zjk 6= µjk(Θ) | Θ) =
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p, so we have

P (zjk|Θ) = pI(zjk 6=µjk(Θ))(1 − p)I(zjk=µjk(Θ)).

The likelihood can thus be written as

P (z|Θ) =
∏

j

∏

k

P (zjk|Θ) = p
P

j

P

k I(zjk 6=µjk(Θ))(1 − p)
P

j

P

k I(zjk=µjk(Θ)).

For η1 = 1 andη−1 = −1 it can be seen easily thatI(zjk = µjk(Θ)) = 1 − |zjk − µjk(Θ)|/2

andI(zjk 6= µjk(Θ)) = |zjk − µjk(Θ)|/2. The likelihood is then given by

P (z|Θ) ∝ exp

{

−1

2
log

(

1 − p

p

)

∑

j

∑

k

|zjk − µjk(Θ)|
}

.

Using the additive noise model M2 the likelihood is given by

P (z|Θ) ∝ exp

{

− 1

2σ2

∑

j

∑

k

(zjk − µjk(Θ))2

}

. (4)

Using a thresholdt, in this case the pixels can be classified as colourη−1 if z < t and colour

η1 otherwise. It can easily be seen that this additive model andthe Bernoulli noise model will

give the same image if thez are truncated in this way witht = 0 providedp = 1 − Φ(1/σ).

If the data are in the form of a binary image we will adopt M1 butwe will make use of the

additive model M2 when dealing explicitly with grey-level images. For notational convenience,

in model M1 we will write1/τ 2 in place of log((1 − p)/p), and so in this case we havep =

1/(1 + exp(1/τ 2)). Note that when the fibre boundaries are also included in the model (φ > 0)

we use model M2.

2.4 Posterior distribution

Using Bayes Theorem the posterior distribution is given byP (Θ|z) ∝ P (z|Θ, n)Π(Θ, n). We

shall take samples from the posterior distribution using MCMC (fixed n) and RJMCMC (vari-

ablen) algorithms (with simulated annealing) to estimateΘ = {(ui, vi, ci)|i = 1, 2..., n}, i.e.

the model parameter estimates. If the number of polygonsn is known and fixed, and if the prior
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distribution is given by the Strauss model then the posterior distribution for model M1 is

P (Θ|z) ∝ exp

{

− 1

2τ 2

N
∑

j,k=1

|zjk − µjk(Θ)| − btr(Θ)

}

n
∏

i=1

pI(ci=η1)
c (1 − pc)

I(ci=η−1). (5)

Recall that this equation can also be used when the prior is a Poisson process by takingb = 0.

The MAP estimator isΘ̂ = arg max(P (Θ|z)). For pc = 1/2 and a Poisson point pro-

cess prior, this maximization is equivalent to maximizing the likelihood. Obtaining the MAP

estimator is complicated and we consider some numerical methods.

3 Estimation and simulation algorithms

3.1 Metropolis-Hastings algorithm – fixedn

The Metropolis-Hastings algorithm (Hastings, 1970) is a suitable method for simulating depen-

dent samples from the posterior distribution ofΘ when n is fixed. At each iteration a new

candidate forΘ is proposed and is accepted with probabilityα given by

α(Θ, Θ∗) = min

(

1,
P (z|Θ∗)q(Θ∗, Θ)

P (z|Θ)q(Θ, Θ∗)

)

,

where q(Θ, Θ∗) is the proposal density of the moveΘ → Θ∗ . If the prior distribution of

the points has a Strauss distribution, then the acceptance probability will be calculated as

α(Θ, Θ∗) = min(1, A) whereA is given by

exp

{

− 1

2τ 2

∑

j,k

(|zjk − µjk(Θ
∗)| − |zjk − µjk(Θ)|) − b (tr(Θ

∗) − tr(Θ))

}

×p
I(c∗i =η1)−I(ci=η1)
c (1 − pc)

I(c∗i =η−1)−I(ci=η−1) (6)

in which Θ = Θ∗ except ati whereθi = (ui, vi, ci)
T , θ∗i = (u∗

i , v
∗
i , c

∗
i )

T are the current and

proposed generating points.

The choice of starting point is likely to be important, and weinvestigate two choices:

1. then points generated in in the unit square[0, 1]2 with the colours drawn independently

from the Bernoulli(pc ) distribution.
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2. then points generated by a Strauss process(r = 0.05, b = 0.5) with the colours drawn

independently from the Bernoulli(pc ) distribution.

The choice of proposal density is also likely to be important, and in particular for theith

point we consider proposing

1. a uniform point in[0, 1]2 , and the new colour given by a Bernoulli draw with parameter

pc .

2. a normal perturbation of the current position with variance ζ2 with ζ ∼ U [0, 0.5], and

the new colour given by a Bernoulli draw with parameterpc .

Note that both proposals are symmetric ifpc = 1/2, i.e. q(Θ, Θ∗) = q(Θ∗, Θ).

Since the resulting Markov chain is irreducible and aperiodic, after a large number of itera-

tions,m, the value ofΘ accepted will be a simulated value from the posterior distribution. The

estimate of the MAP is the acceptedΘ corresponding to the maximum value of the posterior

density.

For improved estimation of the MAP we consider a simulated annealing algorithm which

is exactly the same as the Metropolis-Hastings algorithm except thatα is replaced withα1/T ,

whereT is a temperature parameter which is a function which is slowly decreasing in time.

After a large number of iterations the algorithm should converge towards the MAP.

Another alternative algorithm that we considered was the ‘Greedy’ algorithm, which simply

accepts all proposals that increase the posterior density.Obviously there is a great danger in

becoming trapped in a local maximum with this algorithm.

3.2 Reversible jump MCMC algorithm – variable n

We now consider a random numbern of generating points, and to simulate from the posterior

we consider a reversible jump MCMC algorithm (Green, 1995).The reason for RJMCMC is

that we need a sampler that jumps between parameter subspaces of differing dimensions such
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that detailed balance conditions are satisfied. The algorithm begins with an initial set of values

Θ. The permissible moves are:

Birth/Death: A colour η∗ is chosen according to a Bernoulli(pc ) distribution. Then either a

birth or death of a point with colourη∗ is proposed. A birth involves proposing a new point

with colour η∗ which is generated uniformly in[0, 1]2 and added to the other points. A death

involves deleting a point with colourη∗ at random from the setΘ.

Position-Colour: One point is randomly chosen from the setΘ and moved by sampling from

an appropriate distribution, and also its colour is modifiedusing a Bernoulli distribution with

probabilitypc .

We call this the BDPC algorithm after the move types: Birth/Death-Position-Colour. If a

Position-colour move is chosen, then the acceptance probability is given by equation (6). If

a Birth/Death is chosen, then a new point with colourη∗ is added to the other points with

acceptance probability given by

α(Θ, Θ∗) = min

(

1,
p(z|Θ∗)Π(Θ∗, n + 1)rdeath(Θ

∗)

p(z|Θ)Π(Θ, n)rbirth(Θ)q(u)

∣

∣

∣

∣

∂Θ∗

∂(Θ, u)

∣

∣

∣

∣

)

wherep(z|Θ) is the likelihood andΠ(Θ, n) is the density of the unnormalized Strauss density

(e.g. see Geyer and Møller, 1994; Geyer, 1999). Hererbirth(Θ) is the probability of proposing

a particular birth of colourη∗ when in stateΘ, andrdeath(Θ) is the probability of the reverse

move, so that
rdeath(Θ

∗)

rbirth(Θ∗)q(u)
=

dk+1

(k + 1)bk

wherek is the number of points of colourη∗ in Θ andd1 = 0, b1 = 1, bj = dj = 1/2, j ≥ 2,

are the respective probabilities of choosing a Birth and Death given the current value ofk . The

Jacobian of transformation| ∂θ∗

∂(θ,u)
| is 1. The corresponding acceptance probability for move

type Birth isα(Θ, Θ∗) = min(1, A) whereA is given by

A =
dk+1

bk(k + 1)

exp
{

− 1
2τ2

∑

j,k |zjk − µjk(Θ
∗)| − btr(Θ

∗) − log λ
}

exp
{

− 1
2τ2

∑

j,k |zjk − µjk(Θ)| − btr(Θ)
} (7)
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A similar approach yieldsα(Θ∗, Θ) = min(1, A−1) as the acceptance probability for move type

Death when a move is made fromk + 1 points tok points of colourη∗ .

Again, an improved estimator using a simulated annealing algorithm can be obtained by

replacingα with α1/T and lettingT tend slowly to zero, whereT is a function that decreases

slowly with time. After a large number of iterations the algorithm should converge towards the

MAP.

4 Simulation study

In order to tune in the parameters of the MCMC algorithms, andto explore the efficiency and

performance of the estimators we carry out a simulation study. We focus on simulations which

produce similar characteristics to the muscle fibre images,although in this section we fix the

fibre boundary parameter toφ = 0, i.e. edges of fibres are not considered. Further simulations

are contained in Farnoosh (2000).

First,25 points are generated uniformly in the unit square and colours are assigned randomly

from the Bernoulli distribution withpc = 1/2. The points and colours are treated as the true

parameters. The tessellation of points is found which yields the (derived) ‘true’ imageµ ; see

Figure 2. Using the multiplicative model in Equation (2), with p = 0.3, we obtain 12 noisy

images. This value of the noise parameter is equivalent toσ2 ≈ 3.64 if the additive normal

model is used. We compare the algorithms and the effect of thedifferent proposals and starting

points by measuring the error rate in each case. Ifη−1 = −1, η1 = 1, then the error rate is given

by

ER(µ, µ̂) =
1

2N2

∑

j,k

|µjk − µ̂jk| (8)

whereN2 is the number of pixels in the image.
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4.1 The Metropolis-Hastings algorithm – fixedn

The Metropolis-Hastings algorithm is run for1800 sweeps where each sweep consists of cy-

cling through alln = 25 points and considering a proposed move for each point of the set Θ in

turn. The algorithm is run with the two choices of start points (uniform, Strauss) and two choices

of proposal (uniform, normal) detailed above. The Strauss distribution (r = 0.05, b = 0.5) is

chosen as the prior distribution of points. Although simulations from the posterior are avail-

able, we concentrate on the MAP estimate only. The effects ofthe different proposals and

starting points on the Metropolis-Hastings algorithm are shown in Table 1 from which it seems

– a paired t-test gives a two-sidedp-value of 0.026 – that the normal distribution proposal is

preferable. A summary of the results for the alternative greedy algorithm (where only improved

posteriors are accepted as described at the end of Section 3.2) is also shown in Table 1 in which

we again find (p-value around0.001) that the normal distribution proposals are preferable. A

further test showed that (for these images) the Metropolis-Hastings algorithm gave significantly

smaller (p-value of0.0003) error rates than the greedy algorithm.

4.2 The BDPC algorithm - variable n

We now consider the single image in Figure 2 but with more iterations. The prior distribution

for the parameter of the points is taken as the Strauss distribution (r = 0.05, b = 0.5), and the

prior distribution of the number of points is assumed to be Poisson with parameterλ = 25. The

BDPC algorithm is run with a starting value of25 for the number of points, and the results are

illustrated in Figure 3. The Metropolis-Hastings algorithm seems better — as measured by the

error rate (Table 2) — than the greedy and BDPC algorithms forthis dataset. The number of

moves which are accepted during running the BDPC algorithm is 269 of which 89 accept birth

and 84 accept death and 96 accept position-colour. To move around the posterior distribution it

should help to allow birth and death, though we note that a birth followed by a death (orvice

versa) could be achieved in one step by a position-colour, so theseslightly worse results may be
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just because the BDPC algorithm is less efficient for a given number of steps. It is also worth

noting that we fixedn = 25 at a particularly good value, and so perhaps it is not surprising that

the Metropolis-Hastings algorithm is more efficient here. If we had fixedn at a poor choice

then the BDPC algorithm could have been more efficient.

4.3 Posterior mean

The posterior mean is an alternative estimator to the MAP estimator but the posterior mean of

Θ cannot be defined properly when the number of points (polygons) is random. In view of this

we denote the posterior mean of the state of every pixel with respect to the point patterns

E[zjk(Θ)] = E[zjk(Θ1 ∪ Θ−1)] = η1 × Pr{(xj , yk) ∈ Θ1} + η−1 × Pr{(xj , yk) ∈ Θ∗} (9)

For η−1 = −1 and η1 = 1 then equation (9) becomesE[zjk(Θ)] = Pr{(xj , yk) ∈ Θ1} −

Pr{(xj, yk) ∈ Θ−1}. In our applications reconstruction of the mean value or expectation of

the posterior distribution is a convenient estimator. Thusafter a sufficiently long burn-in,m

iterations say, the points{Θt|t = m+1, m+2, ..., M} will be dependent samples fromΠ(Θ) =

P (Θ|z). We can now use the output of our algorithm for estimating

Ê[µjk(Θ)] =
1

M − m

M
∑

t=m+1

µjkt(Θ) (10)

Equation (10) is usually called the minimum mean squares estimate (MMSE). As we described

before, the MAP and MMSE estimates must be estimated numerically. In Figure 3(f) we see the

MMSE estimate for the noisy image of Figure 2(c) and we see that the MMSE images is close

to binary –i.e. most pixels in the mean image are close toη1 or η−1 .

5 Segmentation of the muscle fibres image

We now return to the main application and we wish to segment the grey-level image of the

cross-section of a small part of human muscle in Figure 1. This image could be thresholded
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first and treated as a binary image as in Figure 2(c), but instead we proceed using the grey level

model (3) for a more powerful approach.

A density estimate of the grey level distribution of pixel intensities, as shown in Figure 4(a),

shows two clear peaks at about 50 and 170 and these could be used as the values ofη1 andη−1

respectively. In this case, the additive model, as shown in Equation (4) is appropriate. However,

we found that more flexible results could be obtained by incorporating the estimation of the

η. , and a further parameter for the fibre borders. This was easily done by incorporating a third

move type in the reversible jump MCMC algorithm.

Colour Change: New coloursη−1 , η1 and a “reduction factor”q are proposed as follows:

η∗
1 = η1 + v1, η∗

−1 = η−1 + v−1, q∗ = q + uq

wherev· ∼ N(0, 1) truncated so that theη∗ are in the interval[0, 255], anduq ∼ N(0, .032)

truncated so thatq∗ ∈ [0, 1]. The reduction factorq is used to multiply the grey values which

lie within 1 pixel of a fibre border. Using this multiplicative value for the boundaries is useful

since the grey levels vary according to the colour of the neighbouring fibres.

We modify the form of the likelihood with consequent changesin Equation (7) to reflect

the fact that model M2 is now being used. The three move types (Birth/Death, Position-Colour

and Colour Change) are then cycled through in turn. We setσ2 = 40 and take54 starting

points uniformly distributed in the unit square. To obtain improved results around the edge of

the image, we needed to allow points representing fibre centres to fall outside the unit square

– in the region[−0.7, 1.07]2 . The remaining hyper parameters in the prior were fixed atλ =

65 for intensity of number of points andr = 0.07, b = 5000 for the parameters of Strauss

distribution which is the adopted prior distribution of points. These parameters were chosen as

point patterns generated from this process have similar characteristics to what we would expect

from the generating points of the fibres in real images.

We use a logarithmic cooling schedule forT , i.e. T−1 = log(iteration). The algorithm

was run for1 000 000 iterations (after whichT = 0.072) and every tenth sampled value was
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retained. Figure 4(b)–(d) show the sampled values ofη1, η−1 and the number of points using a

random starting starting configuration, and Figure 4(e) shows the corresponding MAP estimate.

Although the segmentation into the two colours is quite good(comparing this with Figure 1), the

fibre edges are not very well estimated and the model has triedto create a polygon where there

is only connective tissue (close to(0.4, 0.4) in the image). The reduction factorq took values in

the range(0.88, 0.99) which indicates that the algorithm had difficulty finding thefibre edges.

For comparative purposes, we located each fibre centre “by hand”, and started the algorithm

using these points withη1 = 170, η−1 = 60 andq = 0.9. The results from1 000 000 iterations

are shown as the light lines in Figure 4(b)–(d) with the MAP estimate in Figure 4(f). In this

case the reduction factor took somewhat lower values in the range(0.85, 0.90) which accounts

for the higher estimates ofη1 . The overall segmentation is quite similar, but the fibre edges are

located with more accuracy. However, the results here are still not perfect, in particular, note

that many more points have been added and that there is still apolygon where there is only

connective tissue.

6 Discussion

Although the prior for our model (Strauss process) allows for an interaction between all pairs of

points within a fixed predetermined range, it could also be useful to use Markov point processes

with nearest neighbour interaction (Baddeley and Møller, 1989) as a prior assumption. This

prior may be particularly attractive, because in spatial point processes created by this model

each point interacts with its neighbours in the Dirichlet tessellation (which is a fundamental

component of our application). This is indeed the approach of Møller and Skare (2001).

As mentioned above the essential idea of Voronoi polygon templates for image segmentation

was given by Green (1995). There are four basic differences between our methodology and that

of Green (1995): the Strauss distribution was used as the prior model in this study; changing

the position of the generating points was used as one of the move types in our model; our
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distribution for each polygonal colour is discrete; and fibre boundaries are included.

Voronoi polygons are also used in Bayesian partition models(e.g. see Denison and Holmes,

2001). The generator points are selected from a discrete finite set of locations corresponding

to geographical locations, and simulation from the posterior is conducted using a Metropolis-

Hastings algorithm.

Other kinds of moves in the RJMCMC algorithm might be worth considering in future work,

e.g. split/merge moves.

It is possible that a fully Bayesian approach in which the variance, and the parameters of

the Strauss distribution were also allowed to vary could lead to improved results; this will be

considered in future research although some aspects will bedifficult, e.g. needing to work with

ratios of the integrating constants of the Strauss distribution. Møller et al. (2004) have provided

an efficient MCMC method using an auxiliary point process which appears suitable for this

purpose.

A more practical method for segmenting muscle fibre images wass given by Klemencic et

a. (1998) who used Voronoi polygons as an initial shape of each fibre, and updated these by

using an active contour (“snakes”). It could be interestingto combine their approach with the

Bayesain methods of this paper.
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Algorithm Proposal Starting point

uniform Strauss

greedy
normal 0.0390(0.0051) 0.0368(0.0080)

uniform 0.0454(0.0069) 0.0455(0.0097)

Metropolis-Hastings
normal 0.0360(0.0078) 0.0336(0.0077)

uniform 0.0406(0.0068) 0.0377(0.0105)

Table 1: Means and standard deviations (over 12 random number seeds) of the Error rates (ER)

for 4 different choices of proposal and starting points for the greedy algorithm for1800 sweeps

in which every sweep has25 moves (equal to the number of points).

algorithm proposal ER num. of accp. moves

greedy
uniform 0.0638 126

normal 0.0386 188

Metropolis-Hastings
uniform 0.0476 259

normal 0.0290 703

BDPC normal 0.0439 269

Table 2: Comparison between the three algorithms for various defined proposals which the

starting point for all cases is a perturbation from the Strauss density (r=0.05, b=0.5) and the

error rate ER is defined in Equation (8)
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Figure 1: A muscle fibre image. The lighter polygons are type I(slow-twitch) fibres, and the

darker polygons are type II (fast-twitch) fibres.
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(a) Tessellation
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 (b) True image
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(c) Image with added noise p=.3
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Figure 2: (a) Simulated data. A tessellation of the “true” generating points. (b) “True” image.

(c) noisy image withp = 0.3
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(f) MMSE estimator

Figure 3: Results for the BDPC algorithm a) The tessellationof the MAP estimate, b) the

difference between the MAP estimate and the true image, c) log (error rate) plotted against

iterations, d) the number of points against iterations, e) ahistogram of the number of points and

f) MMSE estimate
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(f) MAP: hand−picked

Figure 4: (a) Density estimate of grey-level distribution for the image shown in Figure 1; b)

Sampled values ofη1 , after a burn-in period of 1,000; c) Sampled values ofη−1 d) the number

of points, e) the MAP estimate after1, 000, 000 iterations from a random starting point, f) the

MAP estimate after1, 000, 000 iterations from hand-picked fibre centres. In (b)–(d) samples

were taken every tenth iteration, and the darker lines correspond to values from the hand-picked

starting configuration.
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